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“Abstract

The stability pfob]em of the GEOS satellite has been solved. A com~
puter simu1a£ion indicates lack of étabi1ity,.a fact that éan be attributed
to the lack of bénding stiffness of the cables. Whereas small cable bending
stiffness can render the system stable, the first natural frequency of
oscillation of the spacecraft is 1ikely to be very low, so that the cables

can represent a potential problem area.



Introduction

The GEOS satellite (the “simple model") consists of a rigid core, one
pair of\radia] booms, one pair of cables with tip masses, and two pairs of
axial booms, as shown in Fig. 1. The 1dtter two pairs of booms are not
strictly axial, és they are inclined with respect to the equatorial plane
at angles other than 90°. The satellite spins freely in space with constant
angular velocity Q. The interest‘]fes in the stability of motion when the
spacecraft is perturbed slightly frpm the uniform spin equilibrium state.

The stability of force-free satellites with flexible appendages, such
as that considered here,ghas been investigated on several previous occasions
(Refs. 1, 2, 3); Such systems are described by both ordinary and partial
differential eduations and are referred to as hybrid. The formulation pre-
sented in Refs. 1, 2, 3 is perfectly valid for the GEQS satellite. Hence,
we shall dispense with the details and only outline the method of approach.

| It Was.shown in Refs, 1, 2, 3 that, under ceftain circumstanées, the
Liapunov direct method with the Hamiltonian as a Liapundv functional can
be used to test the stability of hybrid dynamical systems. The main prob-
lem is how to treat continuous elastic mambers. The Lfapunov direct method
has been used widely in conjunction with discrete systems. To test the
stability of an equilibrium point, the testing function must satisfy one
of several stability or instability theorems. If it does, then the testing
function is said to be a Liapunov function and appropriate stability, or
instability, conclusions caﬁ be drawn. If it does not, the analysis is
inconclusive. The stability analysis consists of testing the sign proper-
ties of the testing function. The problem in applying the Liapunov direct

method to hybrid systems lies in the difficulty of testing the sign proper-



ties of the testing functional (as opposed to the testing function). The
author of this report has developed and used three different approaches to
treat the problem of hybrid systems, namely, {1} the method of testing density
functions; (2) the method of integra1 coordinates, and {3) the assumed
modes method. The method of testing density functions works directly with
the hybrid dynamical system but is quite often unduly restrictive. On the
. other‘hand, the remaining two methods are based on discretization schemes,
‘which implies that the testing functional is replaced by a testing function.
In particular, the method of integral ceordinates involves the definition
of new generalized coordinates representing certain integrals appearing

in the testing functional, as well as the use of Schwarz's inequality for
functions, to eliminate the spatial dependence from the testing functional.
“The difficulty in using this method is that the definition of integral
coordinates is not always possible. Moreover, the method'genera]ly'yie1ds
conservative results. The assumed modes method discretizes the syétem

by representing the continuous displacements by finite series of space-
dependent admissible functions multiplied by time-dependent generalized
coordinates. Integration over the elastic domains eliminates the spatial
dependence, so that the testing functioné] reduces also in this case to

a testing function. The main criticisms of the method are the truncation
effect, which generally leads to more conservative stability criteria,

and the amount of labor involved in deriving the criteria,

Another aspect of the stability analysis is the definition of equili-
brium. In certain cases, the equilibrium is one in which not all the
coordinates are zero {see Ref. 4). In such cases, the equilibrium is
referred to as nontrivial, and it is necessary first to solve for the non-

trivial equilibrium and then to expand the testing function about this



equilibrium. Note that a typical examp]é of nontrivial equilibrium for
flexible spacecraft is thét‘in which the flexible parts are deformed
under centrifugal force; A |

This report presents a stability investigation of the GEOS satellite
by the assumed modes method. In considering the stability of small motions
about nontrivial equilibrium, it is shown later that if the ané]ysis per-

formed by ignoring the motion of the mass center indicates stability, then

the system remains stable if the motion of the mass center is included.

Derivation of the Testing Functional

Let us define a.set of body axes xyé as the principal axes of the body
in nominal undeformed state. We shall refer to these axes as a global
system. In addition, Tet us define sets of axes X352 (i =1,2,...,8) such
fhat X; is directed along the Tength of the elastic members in undeformed
state and ¥; and z; are perpendicular to x:. The set of axes XiY52; will

i
be referred to as a local system. The motion of the spacecraft can be des-

Vcribed by the rotational coordinates ej(t) (j =1,2,3) of the global system
kyz and by the eTastfc displacements Vi(xi’t) and wi(xi,t) {i =1,2,...,8)
relative to the local system Xs¥525- In general, the displacements of the
elastic members cause the mass center of the spacecraft to move relative
to its nominal positfon, where the latter is identified as the origin of
xyz. It is shown in Ref.‘S, however, that this shift in the position of
the mass center can be ignored without affecting adversely the stability
criteria. Moreover, assuming that the mass center of the spacecraft moves
in a known orbit in space, the kinetic energy of rotation about the mass.

center can be written in the matrix form



1, 4T AT, 8 ¢ LT,
T = 5{w} [0} + {0} {K} + 2 Jm. {ui} {u}du, (1)
1= 1

—

where {w} is the column matrix of the angular velocity components and [a] is
the inertia matrix of the deformed body. Morédve?;'{K} is the angular mo-
mentum matrix due to elastic velocities alone and‘{ﬁ%} is the matrix of
the elastic velocities relative to Xiyizi.

The potential energy is entirely due to elastic deformations and can

be written in the form

2 2
8 %, .97V, W,
1 i ALY 142
Vo, =5 L J El. | (—52)° + (—2)°| dx;
R P S ox’ 1
i i
8 2. v, AW, -
1 I i, Yiv2 73,2
+ 5 3 Po. | (==2)" + (—=)" | dx, (2)
2 321dg XV U9Xy X 1

where EI, and Pi (i = 1,2,...,8) are bending stiffnesses and axial forces,
respectively. The functions v%(ki,t) and wi(xi,t) are subject to given
boundary conditions. MNote that in the case of the members 3 and 4 the
bending stiffness is zero {or nearly zero) and one of the boundary con-
ditions at Xj = 2y depends on the tip mass My
Because this is a natural system, the Hamiltonian is simply

H=T+V, | ) _ _ (3)

" But the spacecraft is torque-free, so that the angular momentum about the
mass center must be conserved. It is shown in Ref. 1 that the conservation

of the angular momentum can be expressed in the matrix form
[0}{w} + (K} = {g} : (4)

where {g} is the matrix of the conserved angular momentum. Introducing



£q. {4) into Eq. (3), in conjunction with Eq. (1), the Hamiltonian reduces

to
H=Tp+TotVg A (5) -
where '
T'=l§ FORUTHY, N (6)
2 2.0 i iT
i=1 m;

is a quadratic function of the elastic velocities and
D
T, = 38} [317g) | (7)

~ depends on the generalized coordinates alone. Moreover, only two of the
angular coordinates ej are present in To. This can be easily exp1ained by
means of the following argument. Assuming that.initia11y thé.direction of
the angular momentum vector coincides with the inertial axis Z and that its
magnitude is g, then after some perturbation the angular momentum vectof can
be written in the matrix form {g} = B{Lz}, where'{zz} is the column matrix
of the direction cosines between axis Z and axes xyz. These direction
. cosines can be expressed in terms of only two angular coordinates.

For the system to be stable in the neighborhood of the equilibrium,
it is necessary that the Hamiltonian be positive definite (see Ref. 1). But
T, is positive definite By definition, so that H is positive definite if

the functiona1
k= TO + VEL (8)

is positive definite. The testing of « for positive definiteness is hindered
by the fact that « is a functional and not a function, as it involves the

continuous variables vy and W in integral form, We shall circumvent this



difficulty by using the assumed modes method.

The term T in Eq. (8) involves the motion ﬁc, Yor Zp of the mass center.
Generally, these terms complicate the stability analysis enormously without
affecting materially the stability statement. Indeed, it is not difficult
to show that if the system is judged as being stable in the sense of Liapunov
on the basis of an analysis that ignores Xc, Yoo and Z. then the same con-

clusion is valid for the actual motion. To this end, let us write
[0] = [9], - [3], (9)

where [J]u is the inertia matrix obtained by ignoring Xos Yoo and Z. and

v ?
Ye * 2 “*Ye “XeZe
. . 2 2
[J]c - XY Xe T 2¢ YeFe (10)
“XeZe Yele X * Yo

» N
\ i

Whereas the matrices [J] and [J]u are positive definite, the matrix [-J]C
is only positive. From Eq. (9), it follows that for any arbitrary vector

'{a} the quadratic forms associated with [J] and [J]u satisfy the inequality

(o} [0Me) < (o} [9T, (o) (11)

From Appendix B, however, we conclude that
EOU IR ER U FIRIC) (12)
Next, let us introduce the functional
I PR A
K] = 518} [0] {8} + Vg (13)

By virtue of inequality (12}, we conclude that

€2y | (1)



so that, if K1 is positive definite the system is asymptotically stable.

The preceding statement is true irrespective of the magnitude of x_, y

o o

and zc,‘a1though when they are large the stability criteria derived by

using Ki insteady of x can be very restrictive. In most practical cases, how-
ever, X., ¥.s and z, are one order of magnitude smaller than the elastic
displacements themselves, in which case appreciable simplification of the

stability analysis is achieved by ignoring them, without sacrificing accuracy.

Calculation of Nontrivial (Defoymed) Equilibrium

&. Problem formulation

The equilibrium state to be considered is that in which the spacecraft
spins about the symmetry axis with constant angular velocity @, as shown
in Fig. 1. In that state the radial booms remain undeformed, but the axial
booms undergo bending deformations in two perpendicular directions as a

result of the centrifugal forces. The distributed centrifugal forces are

equal to the negative of the distributed mass multiplied by the centripetal

accelerations. Hence, we wish to calculate first the centripetal accelera-

tions. Considering boom i (i = 5,6,7,8), we can write the position vector
of any point on the boom in the form h, + r. + uss where hi is the vector
from the satellite center to the point of attachment of the boom, rs is the
vector from the point of attachment to any arbitrary point on the boom, and
u, is the corresponding displacement vector.. Denoting by ji’ Qi’ Ei the

~1

unit vector along the local axes Xis Yis Z the position vectors are as

-i!

follows

hytrytus = (gixg-zesinag )iy 4 (hyatv )3y + (hggtig-z COse kg, 1=6,6,7,8  (15)

Recognizing that @ = ek, where k = iisinai + kiCOSai, the centripetal accelera-



tions are

? ' .

. = L+ . +ul)] = . . - . )
-8y = axfax(hy + ug)d = a"{l(h,; + w; - z cosay)sine,
~(h. + X, = ino. . . - .

(hx1 X4 ch1nu1)COSa1]COSu111 (hy1

+ X. -
i Z

*vild;

'[(hzi oW - zccosai)sind. - (h,

; i sinai)cosai]s1na15i} (16)

C

Hence, neglecting the relatively small quantities Wi the centrifugal axial

forces become

=l
I

- (h.,

1 X1

. + X. cosa. 1cosa. dX
Xi x1) 1] i

L. .
= - J ! p.ﬂzth .S$ina
X 1 Z1

2 /.. 2 : .
(hxi+zi) '(hxi+xi) ]c05ai-hzi(zi—xi)s1nai}cosai

1l
©
=
-~
p?_l_;.u

i=5,6,7,8 (17)

where P is the constant mass density. On the other hand, the transverse
" distributed forces are

_ 2

=00 (hy; + v4)

pyi

2 . N
= 958 [(hzi+wi)51n“' - (hxi+xi)c05ui]s1nu. i =5,6,7,8 (18)

pzi i i

The differential equations and the boundary conditions for the

equilibrium deformations Vio(xi) and Wio(xi) are

dv. dv.
d i0 ' s
] —2 . S (p.. } =p,: , 1i=05,6,7,8 : (19a)
dx? dxi Xi dxi vi o
v, (0) = vl (0) =0, vi'(e;) =vi'"{2;) =0, i=5,6,7,8 (19b)
io io i0*"q io *7i
ddw%o d dwio
B - o Py ax, ) = Pgq 0 17 5:6.7.8 (202)
X i i
'I -
wi (0) = wi (0) = 0, wil(e) =wiit(e;) =0, 1=6,6,7,8 (20b)



Let the solution of Egqs. (19) have the form

v. (x.) = & a;¢.:(x.) 1=5,678 (21)

where ¢ij(xi) are the modes of the fixed-base cantilever beam, in which the
first index denotes the beam number and the second the mode number. The

explicit expression of ¢ij(xi) is (see Ref. 6, Sec. 5-10)

¢ij(x1)>= Aij[cos Bijﬁi + cosh Bijgi)(s1n Bijxi - sinh Bijxi)

- {sin Bijgi + sinh Bijzi)(cos Bijxi - cosh Bijxi)] (22)

where the amplitudes Aij are such that the functions ¢ij(xi) are orthonormal,

i.e., they satisfy relations
25 ‘ ,
[ oq by0e) e lm o = oy | )

where ij is the Kronecker delta. Inserting Eqs. (21) and (22) into Egs. (19},

we conclude that the coefficients aij must satisfy the algebraic equations

P 2 23 d¢ d¢1k _ o d
j§1 aij(wij ij ¥ J P EQT'TEZ:'dxi) - Jo Ryi¢1k %

1 = 5,6,7,8; k = 1529-~-9p (24)
Similarly, letting the solution of Eqs. (20) be
;p i
5 6::(x:), 1 =5,6,7,8 (25)
3= 1301

we arrive at the algebraic equations

p L. d¢..d¢.k ;
z_ b, (m + J Tp W gy )= J P_ by dx
3=1 ij Jk o X1 axg dx1 i o 2 ik ™
i=5,6,7,8 k=1,2,...,p (26)



to be satisfied by the coefficients bij‘

Problem Discretization by the Assumed-Modes Méthod

Next let us transform the functional K into a function and, to this
end, let us derive an explicit expression for To' First, we recognize that

the inertia mafrix [J]u can be writfen in the general form

=

[0], = (91, + = [2;)709,10x;] (27)
1 o

where [J]r is the inertia matrix of the rigid hub and [Ji] is the inertia

matrix of the member i in terms of local coordinates. Its elements are

IRY 2
oillhyg + vyg + vap)® * (g + Wy + vyy) T

Cs
1

J pillhyy * Xi)z * (hyy + Wi i) 2 1dx;

(28)

iy =501 7 - J pylhyg + xq)hyy + vyg ¥ vyq)dxg

itz = Ji31 7 - [ oy * )y * wyo * Wyp )X,

Jinn = J

j23 " Ji32 % - J pqlhyg * vy ¥ vipdlhyy g+ wgq)dx

- where Vio and W;, are the equilibrium elastic displacements and Vi1 and Wiy
are small perturbations. Moreover [2.] is.the matrix of direction cosines
between the local coordinates x Y323 and the global coordinates xyz. It

will prove convenient to separate the various orders of magnitude in [J]u.

To this end, let us write
[0], = [31, + (9} + [T, (29)
where

10



01, = & [2;0709;0,0e,] o (30a)

0 =0
in which
A0 O
[J]r = [Jo]0 =10 B O (30b)
0 0 C

is the inertia matrix of the rigid hub in which A, B, and C are the principal
moments of inertia about x, y, and z, respectively. Note that the above
statement implies that the global axes xyz are principal axes for the space-

craft. Moreover,

= . 2 ?
Gsndo = J Py L(hyi v )t (bt Wso ) Jdx;

= 2 2
(3520 * J oy [lhgy + %)%+ (g + vy ) 1dx,

(J133)0 = J Py [(hxi + Xi)z + (hyi + Vio)z]dxi
. (30c)
(Di12)e = Oyl = - J oyl + Xi)(hyi + v, X,

(351300 = Uya)g = - J pylhygq * %3 {hyy + vy ddx,
(35230 7= (yzpdg = - J p3lhys + vig)(h g + wygddx

where v._ and w, are given by Eqs. (21) and (25). Recalling Egs. (23), we

io io
can write
(x)dx, = ¥
J p§ViolXi)dxy = j§1 i J pby4(X;)ax
( d. . ‘
J iy (X Jdx; = i by 3 J JUTILLS (31)
p p p
vo o (X, dx = § I [ = 2
J Py 10( ) §=1 k=1 1J 1k¢13(x ) ( 1)dx1 jE] aij

1



2 P2
J p1wio(xi)dxi = j21 bij
p
J p1x1vio(xi)dx1 = ¥ aiij pixi¢ii(xi)dxi
J;] (31 cont'd.)
poXaW, (X )dx, = = b.. J p.Xsbs (X )dX, '
J LR R B S5 1] LI I I
| . p X .
J p4Vo (XM x5 )%y = &1 J 0323 3Dix®i 5%k =
p ot b, 8., = b
jﬁl Oyt § A45°13
Next, let us write
n
_ T
and introduce the generalized coordinates
ej = qj(t) . J =152
P o x)a (1) oy = PR g xag ()
v T ¢q:{%:)a,(t W R 8 [ T )
11- _jfg__TE _1_ J 11 Jipf3_ 13 T_ J
P e () PP ko) (33)
Viq = X $s.(X:)g,(t - L Y. (X.)a:(T 33
T (i) 900 T so2i-ypes 91
(R () M2 Yt
vV .7 z o .(x }g.lt = z P.{x }g.{t
nl 7 sp(nTyprs ™M N so(zn-Typrs WM
Then, we have [ j
| ZJ pylhyi*iohts s Xy )%, 'J i (hgi¥xi)eq5(xq )% 0
o0 = EDPE o Ll ot ey () 0 oo (h sy Vs <k )k
J:Jq = T g.(t -J pa X Vs (%) dX, Jp. S, ). (X )aX,
il j=2(i-1)p+3 N ivxi M1 1 , vyl iofTi3t 1 i
. 0 'in(hyi+wio)¢ij(xi)dxi 2J“1‘“y1+vio)¢ij(xi)dxi_
2[“1(h21+wio)¢ijdxi 0 "in(hxi+x1)¢ijdxi
2ip+2 ) _
+ 7 .t - AN .
i=(zic1ypr3 0 iji(hzi+wio)wij(xi)dxi in(hyi+vio)wiJ(x1)dx1
"in(hxi+xi)¢ij(xi)dxi "in(hyi+vio)wij(xi)dxi 0
- ' (34)
so that

12



Ly = 5 D00 =

Ill"‘lz
IIM:'

i

(29-1)p+2

(600, 1709;1Y 02

j=2(i-1)p+3 9

2ipt2

+

I q;(t){2.] [J ]

j=(2i-1}p+3 J

[ﬁi]

(35)

where [Ji]¥j and‘[J1]¥j are the corresponding matrices in Eq. (34). Simi-

Tarly, we can write

n )
_ T
[sz - 151 [Ri] [Ji]2[21]
where -
{21-1)p+2  (2i-1)p+2 Jp1 933 (xpdoqp (X )dx
[Ji]2-= - L Z qj(t)qk(t)
j=2(i-1)p+3 k=2(i-1)p+3 _ 0
0
ey s (x5 05 (x5 )dx,
21p+2 2ip+2 JPitagta a1
+ r o a;(t)q(t) 0
j=(2i- 1)p+3 k=(29-1)p+3
| 0
B 0
(2i- T)p+2 21p+2
+ a;(t)a, (t) 0
j=2(i- 1)p+3 k=(21- 1)p+3
0 Jp1¢13

If we choose the functions ¢ij(

J 01845(%; Yoy (x,)x, = 85
J o5 d0g(xgddxg = 85
J P4¥s (x )¢1k(x )dx = 84

xi)’ ¢1k(x1) and wij(xi

13

0
0
0 Jp1¢1a

0

fp b330 1044 Oy D

0

0

0 Jp1¢13
(%3205 (x5) dx

(36)

0

0
(>i)¢ik(xi)dxi

(xij¢ik(xi)dxi

0
@)

)s wik(xi) such that

(38)




(2i-1)p+2 1 0 0 2ip+2 » 1 0 0
[Ji]2 = z qs(t) (0 0 o0 + z g:(t) 1o 1 o0
j=2(i-1)p+3 Y 0 1 j=(2i-1)p+3 Y 0 0 0
(21-1)pt2 (t) () 0 0 (39)
+ 5 oqu{t)g., (&) lo o 1 39
j=2(i-1)pr3 VI 10
so that (2 )
n n i-1}pt2 5 ‘
01, = @ [2.17[0:102,] = = 1 qo(t) [2,1703,1%00.]
A 724 i=1 1 j=2(3-1)p+3 i 7247
2ip+2 (21-1)p+2
2 T W Vi
+ T a5 (t)[e.1'[9.70[%.] + % q.{t)g., (t)[J.] (40)
je(2i-Tprs 3T TR apqipe 9 IRRTE

Note that [J]D can contain static elastic displacements causéd by centri-
fugal forces resulting from steady spin, whereas [J]T and [J]2 contain oscil-
Tations about the deformed equilibrium. To evaluate [J]] and [JJZ’ we need
the matrices [213. From Fig. 1, we conclude that the matrices of the di-

rection cosines are as follows:

10 0 | oo o
[21] = 10 1 0 , [zé] = {0 -1 0
0 0 1 0o 0 1
- — L .__
(0 1 0 0 -1 0]
[£3] = {1 0 0 . [24] =11 0 O
. _0 0 [_ ' Lp 0 1_ (41)
*O cos ag sin agﬂ —b ~COS o, sin‘dg
L_0 -sin ag  COS aﬁd , _Q sin % COS o}
CoSs oy 0 sin ay—— . f-cos ag ¢ sin a8'
[27] = 0 1 0 , [mB] = 0 -1 0
-sin G 0 «cos a7J ._sin ag ¢ cos GSJ

a6 and oe? = 38.

and note that o

14



Assuming that [J]] and [J]2 are small compared to [J]O, we can write

the following approximation for the inverse of [J]'jz

(917 = [K1 = [KI, + K], + [K], - (42)

where the subscripts 0, 1 and 2 once again identify the order of magnitude

“of the quantities involved, in which

(K], = [91;]
(K3, = -[91;'093, 093] S ()
KL, = -[91;'003,003; + 19331093, 091 103, 101!

From Egs. (35) and (43), we conclude that

C(2i-lpr2
zay(t) [KI (2,3 00,3) 40 2IKI,

(K1, = - [K1 [43,[K], = - 1 =2(i-1)pes 9

[ s s 3

i

2ip+2 . T W
SACSIR OLSRO R e S [ e
Next, let - ‘
A5 = [K 01700, T,
T ‘w (45)
(8,35 = [K1,La;1700, 1,08,
Then
n{ (2i-1)pt2 “2ipe2
[“‘='15{Far§macﬁﬁ)[MLJML’+y4ﬁﬂ)msqftmahjwh’

Moreover, using Fgs. (40) and (43), we can write

[X], = - [K] [91,[K], + [K] [93,[K] [93,[K],

. n (2i-1)p+2 2 T v
o i§1§j=2(i-§)p+3 qj(t)[gjo[gi? Hietk

15
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2ip+2 5 I y : :
C ei1)prs qj(t,)[K]"’[ﬂ"] a5 TpLa 3 LK,

(2i-1)p+2 _—
iy 0, (t)ag,, (DK [ 109 Ty [gi][Kjof
+ 3 : ( O T L _){ 2 . an
i=1N=2(i-1)p8 TN e(2i-1)pes 9 i1 0

' so that, letting
- T v
[Aijz - [K]O[gil [Ji]Z[gi]

(841 = [KJ[2;1'L0, 50,1 o (48)

6,1, = [KI ;100,150

we obtain
o (2i-1)ps2 2ip+2 )
[X], = - . ;j=2(i-1§p+3 q;(t) [A;1,0K], + j=(2i_§)p+3 a;(t) [B;1,0K],
(2i-1)p+2
+ 2 q-(t)qj+p(t) [C;1,[K],

j=2(i-1)p+3 Y
"h n i (2i-1)p+2  (25-1)p+2

+ I z Z )
i=1 §=112=2(i-1)p+3 m=2(j-1)p+3

9 (1), ()TA, T [A T, K],

e T N I R R R
5 5 q, (t)q . .
g:(Zj_])p+3 m:(2j_1)p+3 £ m PT 12. J71m 0

(2i-1)p+2 2ip+e
+

tyq (t) [A.1,.[B.], [K
£=2(1-%)p+3 m=(2j—?)p+3 % (e, (£) [Asdy [ lem[ 1

21 p+2 (23-1)p+2
2 q,(t)q,(t) [B,3q,[ATy [K], (49)

+ T
2=(21-1)p+3 m=2(j-1)p+3

Introducing the notation
LRi]]j = [Ai]1j[K]0 ’ [Si]lj = [Bi]]j[Kjé
[(R1, = [ALIKY, o (5,1, = [B,,IKI, » [Ty, = [C3,IK],

(50).

16



Egs. (46) and (49) can be rewritten in the form |

n (2i‘1)p+2 . 2ip+2
[Kly = - %J DU NETIC R TR N HCR O P )
and ‘
n 21 1)p+2 2ip+?
[klp = - 5 % 4= 251 ]);23 q?(t) [R;1, +j=(21?§)p+3 qg(t) [s;],
(2i-T)p+2
+ % q. (t)q ( ) [T.1, ¢ + small terms (52)

j=2(i-1)p+3 J
Next, we wish to write the expression for Kye Assuming that the orien-
“tation of the global system xyz is obtained from the inertial space XYZ hy
the rotations 6, about z, 61 about x, and 6o about y, then the direction

cosines between axes xyz and Z are as follows: £, = ~C050,51n0,, %

X yi N

sin91, 8,7 = c059100562. For small angles 8y and 85 the column matrix
'{22} can be approximated by

{az} = {zz} + {27} + (251, ' | (53a)

where, recalling that e] = 0 and 82 = Qps We have

: - : _ : _ (53b}
1,2,2
1 0 -zlagtay)
Recognizing that g = CQ, the functional Ky can be approximated by
=102 2,0 Tror .
+ 200 KT €003 + {03 [K, {253 ) + v (54)
1100 27072 "0’ EL

in which



Ky = i )g02 + (Kpp)oa? + 20K; ), %

2 2
“(Kss)o(q] + qz)

2{1 } [K]O{zz}0

) T . -
200, TIK1 1,0 = 2Ky, + 20 (Ko,

n [ (2i-1)p+2

) -? 121 j=2{i- 1§p+3 qa(t) [-(Riy3)q492 + (Rypgdyyaqd  (85)
2ip+2
+ I a5(t) [-(S554)q 59, + (si23)1jq]]]

j=(2i-1)p+3 3
n [ (21-1)p+2 P

{2} [K]Z{z } 151 j22(i-§)p+3 qj(t)(R1.33)2
AR )(5135) P e (8)(T ) ]
+ z q:it S z q.(t)q., (t)}(T,
j=(2i-1)p+3 J i33'2 * j=2(i-1)p+3 J Jp 13372

But, by virtue of the fact that the functions ¢1j and wij satisfy corresponding
eigenvalue problems, the elastic potential energy satisfies the inequality

n (21-1)p+2 2ip+2
( AZ.q% + z 12 ¢ | (56)

Ve q q
j=2(i-Typrs 199 k=(29-1)p+3 hikd

1_
EL —~ 2
where Aij and Aik are the natura] frequencies aséociated’with the modes ¢ij
and bk Replacing VEL in Eq. (54} by the expression on the right side of

inequality (56), the system can be regarded as asymptotically stable if

€, = ¥ C2aP(a) [H1(q) (57)
is positive definite where [H] is the Hessian matrix given by _
(KZZ) (K33) (K]ZJO ...... -('Ri23)1j P (8123)]k ------ -(Rn23)1£, . .-(Sn23)]m
(Ryp)g-(Kgglg voevns (Ryggdyy oo Sqqgdyp ooeeee Ra1zdyg - Gnizhin
[H] = BN - )

' (Agj)\ e R 0 - 0

symmetric (A’i‘k)2 ...... 0 0

(a% ) 0

ne’ 5
(ax )

) (58)

TN




where

2
A
2 _ i
(a%,) T2z (Ri33)y
g {-j = 2(i-1)p+3, ..., (20-1)p+2
, AL \ k = (2i-1)p+3, ..., 2ip+2 (59a)
(%) = 575 = (Sya3),
c?q
2
A
2 _"ng _ ,
(AF,)" = 2.7 (R 33)5 -
5 £ = 2(n-1)p+3, ..., (2n-1)p+2
A m= {2n-1)p+3, ..., 2in+2? {(59b)
(Aﬁm)z = =5 - (Sy33); '
22

The function Kop is positive definite if the matrix [H], which in turn requires
that all the eigenvalues of [H] be positive. A computer program has been
wriften for the calculation of [H] and for the evaluation of its eigenvalues.

The program is described in the next section.

Description of the Computer Program

The computer program follows in detail the equétions derived for Hessian
matrix. Some explanations of all its subroutines are given below: |
1. The standard Gauss-Jordan is used for the inversion of matrices. The

corresponding subroutine is called MINV.

2. Subroutine HSBG reduces an n by n real matrix A to an upper almost
triangular form by a similarity transformation. Fach row is reduced in
turn, starting from the Tast one, by applying right elimination matrix,
and similarity is achieved by also applying the left inverse transforma-
tion. Thus the eigenvalues of A are preserved. Similarity transfor-
mations ére using elementary elimination matyrices with partial pivotjng.

3. Subroutine ATEIG computes the eigenvalues of a real upper almost triangu-

lar matrix (Hessenberg form) using the double QR iteration of Francis

FAM e



(Ref. 7). If all the eigenvalues of the matrix are positive, then the
matrix is positive definite.
4. ~Subroutine GMPRD is used to multiply two general matrices to form a

resultant general matrix.

5. Subroutine GTPRD is used to premultiply a general matrix by the transpose

of another general matrix. The transpose of A is not actually calcu-
lated. Instead, elements of matrix A are taken columnwise rather than
rowwise for postmultiplication by matrix B.

6. DRTMI determines a voot of the general nonlinear equation f(x) = 0 in
the range of x from x_. up to X

2i
Mueller's iteration scheme of successive bisection and inverse parabolic

i (xmi’ X.; given by input) by means of

Jinterpolation. The procedure assumes f(xgi)'f(xri) < 0. Convergence
is quadratic if the derivative of f(x) at roct is not equal to zero.

A11 the subroutines described above could be found in the System/360
Scientific Subroutine Package.

The function SIMPS is used to evaluate numerically all the integrals
by n repeated app]ication§ of Simpson's rule, where n is given by the NASR
variable in the program. Because all the chosen admissible functions
involve only well-behaved curves, use of Simpson's rule for all fhe iﬁfe-
grations is justified.

Function FCT contains the equation cos 32 cosh Bx + T which is the
characteristic equation of the nonrotating cantilever beam.

Function THI is used to calculate the value of an admissible function
for either beam or cable with given amplitude, frequency and arguement.

Function DTHI is the derivative of function THI and function TTHI is
the integral of fgnction THI.

Total moment of inertia [J] and the moment of inertia [J1]1 and [Ji]2

20



for each beam and each cable are calculated numerically by subroutine
NFREQ. One identification variable (ID) indicates that the input data belongs
to either a cable or a beam. A corresponding procedure is used to determine
the coefficients of the admissible functions associated with the nontrivial
equi]ibrium.

~ Function DIJ and its entry functions provide some products of the
independent variable x, the admissible functions and their derivatives,
which are all involved in the centrifugal terms appearing in the differen-
tial equation of nontrivial equilibrium.

Finally, a1l the elements of Hessian matrix are obtained numerically

in the main program and the property of the matrix is tested by solving all

the eigenvalues of the matrix using the QR iteration method.

Numerical Results

The preceding computer program has been used to test the stability of
the GEOS satellite {the "simple model"). The numerical data (per Tetter
of Dr. Peter Kulla dated 9 May 1974) is as follows:

=0.73m , hy = h

By =4, = 2660, b = hy, FRLY =0, hy = h, = -0.5m

;] =4y =0, o - 0p = 1.127 kg wy = w, = 2 Hz.;

43= 2g =20, hog = hg = 0.73n, hg=h, =0, hy=h, =015
ag=ay =0, 0y =0, =0.03 kan'' , my =m = 0.Tkg;

b5 = 25 = 3, hyg = hyo = 0.8 SIn27° + 0.5 cos27° m , hyg = hye = -0.47n
hy5 = hg = 0.8 c0S27° - 0.5 sin27° , a5 = ug = 27° , pg = pg = 0.733kgm" "
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two
a4
)
il
i2
e

32
il
i2

34 x 34 Hessian matrix was obtained.

3Hz;

28= 1-5m ’ hx7 =

h

x8

= 45°

= 0.8 sind5° + 0.5 cos 45°m , h , =

y7

= h28 = 0.8 cos45° ~ 0.5 sind5°m, Gy = 0 s Py
wg = 5Hz;
otz Lo ol 2
Ly ZJO p3lhyg + (hyg + x3)%Jdxy + 2mylh 4 + (h, 4
_ 2
Iyy 125kgm
I e of3 (h o + x4)2dx, + 2m.(h., + 2,)% = 397.70606kqm’
72 o P3'x3 T X3/ g 3\Myg T %3/ = 99 gm

1 rad 5'1

First, the nontrivial equilibrium cbnfiguration was evaluating by using

terms in series (21) and (25).

= -0.13710 x 10
= -0.19418 x 10

= -0.36107 x 10'2

= -0.22324 x 10

= -0,43397 x 10°
= -0.61305 x 107°

= -0.92787 x 1073
= -0.74565 x 10

1/2
1/2

-1/2

mkg

1/2

1/2
1/2

1/2
1/2

Viol2i)

. wio(ii)

I

i

-0.18229 x TOf

~0.48396 x 10
= 5.6

The results are as follows:

2

-2

-0.65666 x 107°

-0.14127 x 10
=7.8

h

m

¥8

-2
m

= =0.42m

= pg = 1.132kgm”]

+ 23)2] = 354.13806kgm

Using the above results, and using two terms in the series (33), a

positive definiteness, a fact that can be traced to the cables.

22
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Conclusions

The stability problem associated with a spin-stabilized satellite
similar in configuration to the GEOS satellite has been formulated and
programmed for djgitaT computation. The formulation is capable of
accommodating satellites with a somewhat different configuration than the
GEOS, 1in thé sense that the number of elastic members and their orientation
relative to the spacecraft is arbitrary.

For the given configuration, one eigenvalue was found to be negative,
so that on the basis of the Liapunov direct method the spacecraft cannot
be judged as being stable. By inference, the system can be regarded as
heing unstabje. This lack of stability can be traced to the fact that the
lowest natural fréquency of in-plane vibration of the cables is close to
zero (see Appendix A). “This is based on the assumption that the
cables do not possess bending stiffness. In view of the negative stability
statement obtained, a study of the effect of small cable bending stiff-
ness on the spacecraft stability appears warranted. However, even if an
analysis including small cable bending stiffness indicates stability, the
first natural frequency of oscillation df the spacecraft is likely to be

very low, so that the cables can represent a potential problem area.
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Appendix A - Eigenvalue Problems for Rotating Elastic Members

a. Rotating Beam

Let us consider a rotating beam in transverse vibration, as shown in
Fig. 2. The eigenvalue problem is defined by the differentiail equation
(see Ref. 6) | |
db 1 2d. 2 2. dp . _ 2 '
El =7 - 70" g {0(h#+e)" - (hx)7] g5 3 = A%¢ , O < x <2 (A.1)

where (x) is subject to the boundary conditions

$=0and 3 =0atx=0 (A.2)
2 3 |

&g -oendTd-0atx=1 (A.3)
dx dx '

There is no closed-form solution of the eigenvalue probiem (A.1) - (A.3).
Hence, we wish to obtain an approximate solution. To this end, we use the

Rayleigh-Ritz method and assume a solution in the form of the series

o{x) = arur(xT (A.4)

r

new-13

1
where urfx) arercompariéon functions, namely, functions satisfying all the
boundary conditions of the problem but not the differential equation {otherwise
they would be eigenfunctions). We choose as comparison functions for the ro-
tating bar the eigenfunctions of‘the nonrotating cantilever beam, obtained

by setting £ = 0 in Eq. (A.1). These functions are (see Ref. 6)

ur(x) = Ar[(51nBrL - sinhBrL)(sinBrx - sinhsrx)

+ (cosBrL + coshBrL)(cosBrx - coshsrx)] s P =1,2,...,0 (A.5)

where the coefficients Ar are arbitrary Br are the eigenvalues of the

problem; they satisfy the characteristic equation

- A~



cosBrL coshBrL +1=0 | (A.6)

The functions ur(x) are orthogonal. Moreover, it will prove convenient to
remove the arbitrariness from ur(x) (r = 1,2,...,n) and determine the

coefficients Ar uniquely by normalizing the functions ur(x) so as to satisfy

L
[ pur(x)us(x)dx =8 r,s = 1,2,...,n (A.7)
0 ‘

where 6rs is the Kronecker delta.
It can be shown that the Rayleigh-Ritz method, in conjunction with the

normalized comparison functions ur(x), Tead to the special eigenvalue problem

[kI(a} = A%(a) - (A.8)

where the matrix [k] is real and symmetric; its elements have the values

2 .
% d7u, d-u % du,, du
2
N e S R T Jo Tl - () 55T 5 o

-~
i

rs 0 dx® dx

n
=2
O
-+
™|

% du,, du :
] pﬁzj [(ht) - ()] g2 52 dx o s = 1,2,...00 (A.9)
0 |

in which w,, are the natural freguencies of the nonrotating beam. The solution

of the eigenvalue problem (A.8) and (A.9) consists of the eigenvalues A?, which
are the squares of the estimated natural frequencies of the rotat{ng beam, and

the eigenvectors'{a(i)} (i =1,2,...,n). It follows that the estimated

eigenfunctions are
. n . '
¢5(x) = I a£1)ur(x) o (A.10)

Eigenvalue problems of the type (A.8) and (A.9) must be solved for
radial members such as 1 and 2. For members 5, 6, 7, and 8 the eigenvalue prob-
Tem must be modified to account for the inclination of the bar and the resulting

transverse loads,
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b. Rotating cable with tip mass

The eigenvalue problem for a rotating cable is similar to that of the
rotating beam shown in Fig. 2, except that the bending stiffness is equal to
zero. In addition, we are interested in the case in which the cable has a
tip mass m. The corresponding eigenvalue problem is defined by the differential

Equétion
o ﬂx [2 [(h+£) - (h+x) 1 + m{h+g) i $:> = 28 od s 0 <x<p (A.11)

where ¢(x) is subject to the boundary conditions

4=0atx=0 (A.12)

-n(hte)e® 9E+ ma%y = 0 at x = 2 (A.13)

The eigenvalue problem (A.11) - (A.13) has no closed-form solution either.
The eigenvalue problem of the rotating string with no tip mass and with h = 0,
however, is satisfied by the Legendre functions. The Legendre functions of odd
degree can be used as admissible functions fof the eigenvalue problem (A.11) -
(A.13) as they solve a similar problem and satisfy the boundary condition at
X = 0., Note that admissibie functions need satisfy only the geometric boundarj

conditions of the problem. Hence, Tet us assume an approximate solution in

the form
(x) = rg] a8 Py._q(x) "7 (A.14)
where
Pi{x) =%
Py(x) = 5 [5(5)° - 3 %] (A.15)
Ps(x) = g [63()° - 70(%)° + 15 %



are known as Legendre polynomials. They possess the orthogonality property
%
P.(x)}P, (x)dx =0 , Jrk =1,2,... (A.16)
o Ik |
and they satisfy the relation
23+1

) :
J PP(x)dx = melee , §=1.2,... (A7)
0 J

The RayTeigh-Ritz method leads to the eigenvalue problem

[k1{a} = £°[m]{a} (A.18)

where the matrices [k] and [m] are real and symmetric. Their elements are

I 2 2 C (o

krs‘" Q JO {?g[(h+£) - (h+x)“] + m(h+£)}P2r_](x)P25_1(x)dx
‘ r,s = 1,2,...,N (A.19)
and
[}

Mg = pjopzr-1(x)st-1(X)d* P 1 (2)Pp p (2)

- pl

= 5(2r-1)4 Sps * mPZr—1(2)P25~1(2) (A.20)

The solution of the eigenvalue problem (A.18) - (A.20) consists of the
eigenvalues A?, which are the squares of the estimated natural frequencies of |
the rotating string with a tip mass, and the eigenvectors'{a(i)} (i =1,2,...,n).
It follows that the estimated eigenfunctions are
x) = & alidp, (x) V (A.21)
b -1 r o 2r-l '
r=1
The eigenvalue problem (A.18) - (A.20) must be solved for member 3,

which yields automatically the solution also for member 4.



‘Appendix B - Theorems on Inequalities for Quadratic Forms

Theorem . Given two matrices A and B which are symmetric and positive

definite over real number field R. If xT

R, then xTA"lx 5?xTB'1£.

Ax 3_xTBx for any vector x over

-~

Proof: Because A is symmetric, there is an orthonormal matrix U such that

a1/2 . uf”? T | (B.1)

where A is a diagonal matrix with its elements equal to the eigenvalue of

the matrix A. The effect of the operation

¢ = A"1/2pp7172 D (5.2)

is to transform the symmetric and positive definite matrix B into a matrix

C which is also symmetric and positive definite, namely,
T _ (A—T/2BA-1/2)T - A-]/ZBTA-1/2 _ A~1/ZBA-T/2 - C (B.é)

Similarly, there exists an orthonormal matrix V such that

Ve = vTa-1 207172y o | | (B.4)
where u is a diagonal matrix.

Introducing the Tinear transformation

I

into the inequality xTAx 3_xTBx, we obtain
p TyTa-1/2pp- ]/ZVp > pTVTA 1/ZBA“W | | (B.6)

~

which reduces to

p'1p 2 p'up. (8.7)

B-1
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where I is the identity matrix. Because A and B are positive definite, all
the elements of the diagonal matrix ﬁ are positive. It follows from
inequality (8.7) that

o1 'y 5_pT u-]E ' | (B.8)

~

Moreover, recalling inequalities (B.6)} and (B.7), it follows that

WA 207 1al2yp < pTyTAl/257 101 2y - (B.9)

~

P v

Next, Tet

172 1/2 = Ax (B.10)

~

y = A]/ZVp = A TVY A

so that inequality (B.9) reduces to
ya Ty 5;yTB']y a : : - (B.11}

Because A is symmetric and positive definite, we can show that A can be
regarded as a Tinear transformation mapping the Tinear space into itself.

This concludes the proof that xTA 1x < xTB ]x

Corollary. Given two matriées A and B which are symmetric and positive
definite over real number field R. Then X Ax 3_xTBx for any vector x over
R if and only if every eigenvalue ﬁi (i =1,...,n) of A"1B is such that
'[_z_u_i>0.

Consider the series

p+a B+ A2+ .+ (AR 4 L. (8.12)

For convergence it is clearly necessary that lim (A'1B)m -~ 0. This
)
condition is also suff1c1ent, for if Tim (A~ B) + 0 if follows that [u | <1,
liixasd
-1

and therefore I - A™'B does not vanish and {I-A~ B) exists. But

(r+aTs+ (A8 + o+ AR - AT =1 - (ATTB)™T (3.13)
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so that postmultiplication of Egq. (B.13) by (I - A )'1 yields

T+A B+ (A7) + ...+ (A = (1 - A7) - @)™ - ATty (Bag)

As m » =, Eq. {B.14) reduces to

T+a B+ (ATBY 4 L AR L= (1 - A7) (B.15)

But postmultiplication of Eq. (B.15) by Al gives

1 1

A e a Tt s s ate) v L = -ty A

[A(L - A7 'B)]! (B.16)

Hence,

At ea Tt s et e et v L = A -8 (Bl17)

50 that if two symmetric and positive definite matrices A and B satisfy the

inequality xTAx > xTBx for any vector x over R, then the series expansion

(B.17) is valid and convergent,
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FIGURE |. THE GEOS SATELLITE



FIGURE 2. ROTATING BEAM



